THE ZETA DETERMINANT OF A CONE

M. SPREAFICO

ABSTRACT. We apply a new method introduced in [16] to study the analytic
properties of the zeta function of the Laplace operator on the metric cone over
a compact connected Riemannian manifold. We obtain an explicit formula for
the derivative of the zeta function at zero.

Spectral geometry of spaces with conical singularity has been studied by Cheeger
in a series of works in the early ’80 [4] [5] [6], where in particular the heat kernel
was investigated in details. Consequently, many works appeared, where particular
instances, applications to physics and generalizations have been considered (see
for example [7] or [2] for a complete list of references). The more relevant results
concerning the analytic properties of the zeta function at zero, are in works by
Cognola and Zerbini [7], who study the regularity of the zeta function at zero, and
give a formula for the residue, and by Bordag, Kirsten and Dowker [2], who obtain
the heat kernel expansion, and therefore a formula for the finite part of the zeta
function at zero, and also address the computation of the zeta determinant (see
also [1] where the case of the m-dimensional ball is solved).

The aim of this letter is to complete the analysis performed in these works,
giving an explicit formula for the finite part of the derivative of the zeta function at
zero, and therefore for the zeta determinant. As well known, this is a much harder
problem, since in general the derivative of the zeta function can not be obtained by
applying heat kernels methods. Consequently, a new approach is necessary. Such
approach is based, on one side, on a new technique introduced in series of works
of the author [11] [13] [14] to study the analytic properties at zero of the zeta
functions associated to a class of sequences, called of spectral type, that includes
the sequences of the eigenvalues of the metric Laplacian on a compact manifold, and
on the other side, on some recent results on the spectral decomposition’s properties
of the zeta function associated to some class of double sequences [16]. The main
point in this new approach is that, instead of the heat kernel, it employs an other
spectral function, called logarithmic Gamma function and strictly related with the
Fredholm determinant (see also [17]) in order to provide a formula that gives the
analytic continuation of the zeta function at zero (see equation (2) below). As a
side effect of our approach, we also reobtain the known results for the residua and
the finite part of the zeta function at zero. Complete proofs and applications will
appear some where else.

Let (M, gar) be a compact connected Riemannian manifold of dimension m with-
out boundary and with metric gy (we chose M without boundary for simplicity,
but all our results extend to the case OM # (}). Let Aps be the metric Laplacian
on M, and SpAjy; = {\,}22, the spectrum of Aps. Let C,, M be the metric cone
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over M as defined by Cheeger in [4], but with the further parameter v appearing
in the metric. Namely, C, M is the space (0,1] x M with metric
2
T
9= (dm)Z =+ ﬁng

where v is a positive constant. Note that, whenever the metric g can be obtained

as induced metric by some embedding of C, M in some Euclidean space, then the

constant v measures the singularity of C,M. In fact, by passing to Cartesian

coordinates, it is clear that C1M is a smooth manifold in this case. Particular

instances of this situations have been studied in [1] (m-ball) [13] (cone over a circle).
The induced metric Laplacian on C, M is

2
m v
Ac,m = —di - ;dw + ;AM,

that can be written as (by the opportune Liouville transformation)

1 m
ACUM = *di + ? (VQAM - Z) .

Decomposing on the eigenspaces of Ay, as in [3] or [13], we obtain the family

of singular Sturm operators
1 (m—-1)2 1
Lu = _d2 — 2)\71 - 4 — 7 ]>
An zt 22 (V + 1 4>

that can be solved in term of Bessel functions (see [13]).

With the opportune boundary conditions, that generalize standard Dirichlet
conditions (see [3] [13] [5]), the positive spectrum of the metric Laplacian on the
cone is

) oo m — 1)2
SpTAc,m = {]Zﬂn,k}nio o’ Hn = \/’/2>‘n + %

where the ji . are the positive zeros of the Bessel function J,.

Next, we consider the associated zeta functions. Proceeding as in [14], we can
associate to a sequence of spectral type S = {a,,}52,, with genus p, some spec-
tral functions, and in particular the zeta function defined by the series ((s,S) =
oo ay®, for Re(s) > p, and by analytic extension elsewhere. We will be con-
cerned here with the following two zeta functions:

¢ (s, Sp (VQAM + W)) = i (ﬂAn + (m;1)2) _s,

n=0

o0
C(s.Sp Acuon) = D 0%
n=0,k=1
The first, is the zeta function on the setion of the cone, twisted by the parameter
v and shifted by the constant w. Note that, we must omit the zero mode
when m = 1 in order to have a proper definition. Since the one dimensional
case as been completely treated in [13], we will assume m > 1 in the following;
however, the approach presented here covers also the case m = 1. The second
zeta function is the zeta function on the metric cone, and is the object of our
analysis. We claim that the sequence S = Spt A, is spectrally decomposable

over the sequence U = Sp (V2AM + %)7 as in Definition 3.1 of [16]. For, it is
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easy to see that S is a sequence of spectral type (using classical estimates for the

zeros of the Bessel functions), and has relative genus (pg, p1, p2) = ([mT'H] ,0, [%)},

and also that U is a totally regular sequence of spectral type, as are all linear
combinations of sequences of eigenvalues of metric Laplacians on compact manifolds
(by Weil formula), has genus [%] and infinite order. The key point, in order to
prove decomposability of S over U, is to show that the Fredholm determinant
logT'(A, Sp) [14] [17] (called logarithmic Gamma function in [16]) associated to the
sequence S, = {S/u, }, has a uniform asymptotic expansion for large p,,. This is of
course the key point in all development of spectral analysis on spaces with conical
singularities, as can be seen reading the works of Cheeger. Such an expansion is
known from asymptotic theory of special functions (see for example [9] 10.7). We

obtain (see also [13])

log (A, 5,) Zlog(H“” A)>

Ko sk
= (1 —log2 +1log(1+v1—\) — M) Hn
—|—ilog(1—)\)
Ur(1/VI=X) Baj 25~
> (e )mﬂ‘

where the By, are the Bernoulli numbers, and the Uy(z) are polynomials in z of
order 3k. The first polynomials are given in [9], where we can also find a recursive
formula for the general ones. A further expansion gives

logT(\, S,,) = (1 —log2 +1log(l1+vV1—X) —V1-— )\) Y

ilog(l —-A)
> Byt _
+;<D;L(1/\/1—A)—h(h+l)> h

where observe that Dy (1) = —@. The polynomial Uy, or Dy, represent a set
of invariants that completely characterize the problem, namely the geometry of the
cone, at least for what is concerned with the heat kernel and the zeta function.
This emerges clearly from the results of [7] and [2], as well as from the original
results of Cheeger. In fact, all the formulas related to the analytic properties of the
zeta function are given using information on the zeta function on the section and
information contained in the above polynomials. We will now show how we can
complete this information in order to obtain also the determinant. For, we need to
consider from one side, not just the polynomial, but the functions ¢ B (A\) defined
above (always from the uniform expansion of the Bessel function I,,(vz)). From the
other side, we must add the two new functions with non positive index. Resuming,
we state that the determinant on the cone C, M is characterized by the following
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set of invariant functions:

¢_1(A)=1-log2+log(l+V1—X)—VI—A
(1) 6o(X) = 7 log(1 = ),
Gy (N =D I/VT X~ M 1<h<m,

h(h+1)’ -

plus information on the zeta function on the section.
In fact, by Lemma 3.4 of [16], the analytic extantion of the zeta function on the
cone can be obtained from the following complex representation

0 1 e M
2 FAom) = —— | T = T A
@ sy aom =y [0 [ ST A A,

where

T (s, )\ SpT Acunr) = Z ~#5log D(\, S,,).

Furthermore, the above representation splits in two terms (see Lemmas 3.5 and
3.6 of [16]) as follows:

e e} 1 ef)\t
FAcon) =— [ T +A t
(3) <(57Sp CVM) P(S) A t ori Ao Y P(Sv)\ﬂsp CVM)dAd

+SZ‘I’% C(s+h/2,U),

h=-1

where

2 21

o 1 e~
(4) @E(s):/ ts_l—,/ © b (NdAdL,
0 Ao, —A

while P(s, X\, SpTAc,ar) is the regular part of 7 (s, A\, SpT™Acun) at s = 0 (see
Lemma 3.5 of [16]). The point is that we can deal with the analytic expansion of
the first integral in equation (3) near s = 0, using the expansion of the function
P for large A, and the latter is available from the expansion of the logarithmic
Gamma function logT'(\, S,) for large A and fixed n, by classical expansions of
Bessel functions (see Lemma 3.6 of [16]). Equations (3) and (4) also show how the
invariant functions ¢ (M) enter in the game.

We can now state our main result, where we express the first coefficients in the
expansion of the zeta function on the cone near s = 0 as functions of quantities
computed from the invariant functions ¢ %()\) introduced above, and invariants
associated to the zeta function on the section.
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Theorem 0.1. The zeta function on the cone ((s,SpTAcuar) has an analytic
extension to the complex s-plane with at most a simple pole at s =0 and:

1
(5) Res C(Sv Sp+ACuM) == 5 Res C(Sa U)7
s=0 1

s=—73

1 1
(6) Reso((s, SptAc,m) =— 3 Resg ((s,U) — 1 Reso ¢(s,U)
s=0 S:_% s=0

+ (log2 —1) Resl C(s,U) — Z #Resl ¢(s,U),
s=—3 h=1 s=%

(7) Rgsoo (5,8 Ao, p) = — <7r2 + (log2 —1)* + ) Resl ¢(s,U)

where

12

3*5

+ (log2 —1) Reso C(s,U) — *RQSOC (s,U)

'(0,U) iCR Reso C(s,U)
m h h 2
+Zch(h) (7+¢<2 +j>>Re§L1C(s,U)
h=1j=0 L

- Ca(i+Lpun+1) <~ Bryi
+nzlz_:1 2D+ 2 ki i

Some remarks on this result are in order.

e As observed in at the beginning, equation (5) is contained in [7] (equation

(12)), and equation (6) in an incomplete form in [7] (equations (12) and
(19)), and in complete form in [2] (equation (4.5)). Also, an attempt to
obtain equation (7) was performed in Section 9 of [2], compare in particular
with equation (9.8).

If m is even, (s, SpTAc, ) is regular at s = 0. In fact, we can apply for
example Proposition 1 of [10] to write

v —1)k m—1\"
Resy ((s,U) = —5—= > (k1!) 6j(AM)< le) ,

S=—72 f 3,k>0,5+2k=m-+1

where the e;(Ajs) are the coefficients in the heat kernel expansion of Ay,
—j

namely Y377 et = >izo ej(Ap)t™=" [8]. Whenever m is odd, since
j+2k =m+ 1, we have that in the above sum all the indices j of the heat
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coefficients e;(Aps) are odd, and therefore the coefficients vanish (recall M
has no boundary).

If M = S™, the sphere of dimension m and v = 1, then ((s, SpTAg,gm) =
C(s, Agmt1) is regular at s = 0, where B* is the ball of dimension k. This
is an expected result, since the k-dimensional ball is a compact connected
Riemannian manifold. A throughfull analysis of this case was performed in
[1]. However, this can also be deduced from the above formula as follows.
It is known that the spectrum of the metric Laplacian on the sphere is

Spt = {n(n +m — 1)}0O . Therefore, when v =1,
n=1
—1)? m—1)°
+ QA (mi = _—

i.e. the eigenvalues are squares of natural numbers plus a constant. For
general theoretical argument in zeta function theory (see for example [14]),
the zeta functions associated to these series are regular at s = —%.

The series appearing in the last term of equation (7) is a convergent se-
ries, as can be easily checked, the divergent part having been cancelled by
the adding of the proper regularization’s terms, namely the terms with the
Bernoulli numbers. It should also been observed that, even if a complex
integral representation of the same function of v is possible in general, ap-
plying techniques that generalize the one used in [12] or [13] (see also [15]),
the series representation given in equation (7) is much more convenient due
to its fast convergence speed.

The coefficients appearing in the equations given in the theorem, are ob-

tained from the residues at zero of the functions ® B (s) defined in equation
(4). Substituting in equation (4) the explicit formulas for the functions
P (M) given in equation (1), we find some tricky complex countour inte-
grals that can be computed explicitely. The result is given as a product
of powers of s and Euler Gamma functions, and shows that the functions
P B (s) can have at most a double pole at s = 0, with explicit formulas for
the residues. The contour integrals for h > 0 are computed in [13] and [16].
For completness we sketch here the missing case, namely h = —%. We need
to compute the integral:

oo At
£(s) =/ tHi./ € log(1+ VI — N)d\dt.
0 271 Ag,c -

First, consider the integral

1 e—At
h(a,t) = — —q 1— A)%A;
@0 =5 [ T VIRa

changing variable —z =1 — ),
—t —zt

e e

h(a,t) = — — 1 —2)%d

(a,t) 57 AQCZJrl( ++/—2)%dz
e—t o e—;ct

=— (1 +iva)* — (1 —iva)*) do

omi Jo w+1

—t oo —xt
=- 67 /0 xe+ 1(1 + )% sin (a arctan /7) dz.
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Since
L (1 + VTN = Lha,)
= — - Y1
2mi Jp,. A & da 7o
—t oo —xt
=— 67/0 §+ : arctan \/zdz;

we have, assuming Re(s) large and using the definition of the Beta function

1 S o8} —xt
f(s)=— */ ts_le_t/ ° _ arctan Vadxdt
0 0

s r+1

=— %I‘(s) /000(1 +x)71*5%dx
1 T'(s+1)

SN
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