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Reidemeister Torsion and Analytic Torsion of Discs

T. DE MELO - L. HARTMANN - M. SPREAFICO

Abstract. — We study the Reidemeister torsion and the analytic torsion of the m-di-
mensional disc in the Euclidean m-dimensional space, using the base for the
homology defined by Ray and Singer in [10]. We prove that the Reidemeister torsion
coincides with the square root of the volume of the disc. We study the additional terms
arising i the analytic torsion due to the boundary, using generalizations of the
Cheeger-Miiller theorem. We use a formula proved by Briining and Ma [1], that
predicts a new anomaly boundary term beside the known term proportional to the
Euler characteristic of the boundary [6]. Some of our results extend to the case of the
cone over a sphere, in particular we evaluate directly the analytic torsion for a cone
over the circle and over the 2-spherve. We compare the results obtained in the low
dimensional cases. We also consider a different formula for the boundary term given
by Dai and Fang [4], and we show that the result obtained using this formula is
mconsistent with the direct calculation of the analytic torsion.

The analytic torsion is an important geometric invariant of Riemannian
manifolds introduced by Ray and Singer [10], as an analytic version of the
Reidemeister torsion [12]. The equivalence of the two torsions, conjectured by
Ray and Singer, was proved independently by J. Cheeger [2] and W. Miiller [9],
for manifolds without boundary. In the case of a manifold with boundary, some
further boundary terms appear. These boundary terms were first given by Liick
[6], in the case of a product metric near the boundary, and recently by Dai and
Fang [4], and by Briining and Ma [1], in the general case.

Beside the intensive investigation, explicit evaluations of the torsion were
exhibited in comparably few cases [11] [16]. The mentioned recent results for the
anomaly boundary term permit to study one of the more natural, simpler still
open cases: namely the case of a disc in the Euclidean space R"™. The aim of this
note is to announce formulas for the Reidemeister torsion and for the analytic
torsion of the m-dimensional disc. As a by product of our analysis, we also give
formulas for the analytic torsion of the geometric cone over the circle and over
the 2-sphere. A detailed analysis and complete proofs can be found in [5].

Let (M, g) be a compact connected simply connected Riemannian m-manifold
with metrie g. Let denote by 7(M), and by T'(M) the Reidemeister torsion and the
analytic torsion of M, respectively. If M is not acyclic, assume the base for the
homology is fixed by the choice of an orthonormal base of harmonic forms, as in
[10]. Let S} = {x € R™=" | | = 13, D" ={x e R™ | |x| <1}, I >0, with the
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standard Riemannian metric ¢ induced by the immersion in R™. Using the
standard cellular decomposition of the disc with one top cell, one (m — 1)-cell and
one 0-cell, we construct the chain complex of real vector spaces:

C:0— Rlc), ,]—Rlc}]]—0— - —0— R[c}]—0.

Applying the definition of the Reidemeister torsion given for example in [8],
since a base for harmonic m-forms is /|detg|dvol(x), we prove the following
formulas for the Reidemeister torsion, where Vol(D;") denotes the volume of the
disc.

THEOREM 1. — The Reidemeister torsion of the disc D}" of radius I > 0 in R™
with the standard metric induced by the immersion in the Euclidean space, 1s:

o(D;") = 1/ Vol(D}").

In the same situation, the Reidemeister torsion of the pair (D7, SZ"H) 1s:

Dy, 8" = (/VolDp) )“DM.

Applying the formula of [1], the anomaly boundary term appearing in the
analytic torsion is given by some local quantities constructed from the curvature
tensor:

% ) f | (B = Bvy™)).
l

We prove that in the present case, the forms B(V]-TD;M) are given by the
Berezin integral of some power of a one-form S related to the Chern-Simon form,

[%—1] B
Dy 1 1 1
B(Vll)_zr(%ﬂ);om—zj—lfs? ’

and by evaluating this integral, we obtain the anomaly boundary term as follows.

THEOREM 2. — The analytic torsion of the disc D} of radius | > 0 in R™ with
the standard metric induced by the immersion, and absolute boundary condi-
tions, 1s:

)

1 1
log Taps(DF 1) = 5 log Vol (DP 1 + 5log2+

S

p—1
n=1

1 1o~ 1
20\ 1 2p - -
log Tabs(Dl )= 2 lOgVOKDl )+2 ; 2n —1°

N
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Beside our main results concern the case of the discs, that are smooth
manifolds, our technique extends to the case of the cone. Consider the sphere
» . embedded in the hyperplane R™' x {lcosa} of R, with center in
{0} x {lcosa}. Denote by C,Sy; , the m = n + 1-dimensional surface in R""*

defined by the segments joining the origin with the points of the sphere. This is a
cone of angle a, vertex in the origin, and length . The induced metric is

g =dradr+1r*? sinzagsrlz,

where r € [0,[] is the geodesic distance from the origin, and gs» the standard
metric on the sphere. Using the extension of the classical Hodge theory and
the functional calculus on the cone given by Cheeger in [3], we obtain
complete systems of eigenvalues and LZ-eigenfunctions for the Laplace
operator A9 on forms on C,Si , and C,S%, ,. By definition [10], the ana-
lytic torsion is

log T(M) =

DO|

3 (- 1)%gL(0, 4,
q=1

where the zeta function is defined by

(s, Ay = > A

7€8p, A9

The eigenvalues 4 of A9 are given by the zeros 2, of some linear combi-
nations of Bessel functions J, and their derivatives, where y denotes the ei-
genvalues of the Laplacian on forms on the section. The zeta functions ap-
pearing are therefore some double zeta functions and can be analyzed using the
method developed by Spreafico in [13] [14] [15]. This permits to evaluate the
derivative at zero, and consequentely to prove the following formulas for the
analytic torsion.

THEOREM 3. — The analytic torsion of the cone C,S}, ,, of angle a, and length
1 > 0, over the circle, with the standard metric induced by the immersion, and

absolute/relative boundary conditions, is:
1 . 1 .
log Taps(CuSTei ) = —10g Trat(CuShei ) = 5 log (nl? sin ) + 5 sina,
m particular, for the disc Dl2 (a = g) we have:

1 1
log Tu(D}) = ~log TraD}) = 5 lognl® + 5.

THEOREM 4. — The analytic torsion of the cone C,S? of angle a, and length

Isina’
L > 0, over the sphere, with the standard metric induced by the immersion, and



532 T. DE MELO - L. HARTMANN - M. SPREAFICO

absolute/relative boundary conditions, is:

1 4 1 1

10g Taps (CoS%eiy ) = l0g Tret(CoSZy, ) = 5 log §z3 —5 FO,csca) + 4 sinq,

in particular, for the disc D} (a = g) we have:
1 4nl® 1 1
log Taps(D}) = log Tra(D}) = 5 log — + > log 2 + 7.

2 3 2 4

The function F(0,x) has a known power series expansion in «, for x > 1:

F,x) = Z cjal,

=1

where the coefficients are particular values of the zeta function of the Laplacian
on function on the 2-sphere (see Appendix B of [5]). We conclude with some
remarks.

(1) The topological approach proves to be much more effective and natural for
evaluating the analytic torsion with respect to a direct calculation starting from
the definition of the analytic torsion, and gives a clear interpretation of the
different terms appearing in the final result (see also [7] for a similar result for
spheres).

(2) In the formula for the analytic torsion of the dise D? given in Theorem 2,
two terms appear. The first is the topological term, corresponding to the volume
of the disc, and in fact comes from the Reidemeister torsion, computed in
Theorem 1. The second term comes from the boundary contribution. In this case,
the unique boundary contribution is of the type deseribed by Dai and Fang [4] and
Briining and Ma [1], since the manifold is not a product near the boundary, and
the Euler characteristic of the boundary is trivial. The result given in Theorem 2
is obtained by using the formula of Briining and Ma, and is consistent with the
result obtained by direct calculation of the analytic torsion, given in Theorem 4.
However, in this case the formula of Dai and Fang gives the same result.

(3) In the formula for the analytic torsion of the dise D? given in Theorem 2,
three terms appear. The first is the topological term, as in the case of Dlz. The
second term comes from the boundary contribution, and is precisely the term
depending on the Euler characteristic as predicted by the formula of Liick [6].
The last term also must come from the boundary, and therefore comes from the
fact that the manifold is not a product near the boundary. The result given in
Theorem 2 is obtained by using the formula of Briining and Ma, and is consistent
with the result obtained by direct calculation of the analytic torsion, given in
Theorem 4. In this case, it is possible to check that all the contributions arising
from the formula in Theorem 1 of [4] vanish. Therefore, this result furnishes a
counter example to the theorem of Dai and Fang, at least in the case of an even
dimensional boundary.
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