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Exponential Splitting and Dichotomy

Defini¢do (Exponential Splitting)
A linear evolution process {L(t,7) : t > 7} C L(X) has
exponential splitting, with constant M > 1, exponents v, p € R,
with v > p, and a family of projections {Q(t) : t € R} C L(X), if
i) Q(t)L(t,7) = L(t,7)Q(T), for all t > T,
i) L(t,7): Im(Q(7)) — Im(Q(t)) is an isomorphism, with
inverse denoted by L(r,t),
iii) the following estimates hold

oAl

e~

IL(t, T)Q(T)lcx) < Me™?=7) ¢
IL(t, T)( = QUT)llcexy < Me ™77
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Inertial Manifolds

Consider the following semilinear differential initial value problem

u=A(t)u+ f(t,u), t >,
u(t) = up € X,

()

with f : R x X — X continuous, f(t,0) =0, for all t € R and
uniformly Lipschitz in the second variable with Lipschitz constant
>0, ie., ||[f(t,u)— f(t,d)|| <||u— d| for any

(t,u),(t,d) € R x X.
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Assume that the family of linear operators {A(t) : t € R} (not
bounded) defines a linear evolution process {L(t,7):t>7}C L(X),
i.e., for each (7, up) € R x X, the 'solution’ of the linear problem,

u=A(t)u, t=r,
u(t) =up € X,

(3)

is given by u(t, T, up) = L(t,T)ug, for t > 7, L(t,t) = ldx,
L(t,s)L(s,7) = L(t,7), t=>s>7and [1,00) Dt — L(t,T)up € X
is continuous, for all (7, up) € R x X.

With this, solutions of (2) define a nonlinear evolution process
{T(t,7):t =7} CC(X) given by the variation of constants
formula, that is,

T(t,T)U:L(t,T)U+/tL(t,S)f(S, T(s,7)u)ds, t=T,ueX. (4)

T
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Teorema
Suppose that the linear evolution process {L(t,T):t>7} has
exponential splitting, with constant M >1, exponents v>p and a
family of projections {Q(t):teR}. If f:Rx X — X is continuous,
f(t,0)=0, f(t,-): X — X is Lipschitz continuous with Lipschitz
constant £ > 0, for all t € R, and

% > max{M? + 2M + V8M3,3M? + 2M}, (5)
then there is a continuous function

TFRx X = X
(t,u) = X7(t, u)

such that X*(t,u) = £*(t, Q(t)u) = (I — Q(t))X*(¢t, u) and
Y*(t,0) =0, for all t € R.

(6)

In addition ¥*(t,-) : X — X Lipschitz continuous with Lipschitz
constant k = k(vy,p, ¢, M) > 0, for all t € R, that is,
| (t, u) — Z*(t, d)|| < kllu—d||, for all (t,u),(t,d) e R x X.
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Moreover, the graph of X*(t,.), for each t € R, given by
M(t) :={ue X:u=q+X(t,q),qcIm(Q(t)}, (7)

yields an invariant manifold {M(t) : t € R} for the evolution
process {T(t,T) : t > 7} given by (4).

In other words, it is invariant and if
Ps«(t)u = Q(t)u + X*(t, Q(t)u), (t,u) e R x X

is the nonlinear projection onto M(t).
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(i) {M(t):t€R} has controlled growth: for (tT,u)eRx X, t<,
1T (2, 7)Pe-(T)ull S M(L+r)e” PHMEEDET [ pe. (7). (8)

(ii) {M(t) : t € R} satisfies: for any (T,u) E R x X and t > T,
IT(t,7)u = Pee () T(t, 7)ull < M1 = Ps-())ulle "7, (9)

242 K
where 5::7_M5_%’\W' Ifé6 >0, {M(t): t € R}

is an inertial manifold.
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Prova: The proof is divided into two parts. First, we show that
there is a function ¥* yielding the graph of the invariant manifold,
as desired. Second, we show that this graph is exponentially
dominated.

For the first part, given k > 0, consider the following complete
metric space,

LBy (k) ::{ZEC(RXX,X):SUpW <R,

teR |u=d]

(10)
T(t,0)=0,T(t, u)=X(t, Q(t)u) € N(Q(t),VteR}

~ X(t,u) —X(t
with the metric || — X|| := supsup [2(t u) ( ’u)”.
teR u#£0 [|u]l
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Stable Manifold of an Invariant Manifold

We are looking for ¥ € LBy (k) such that, if (7,17) € R x X, then
a solution v of (2) with initial data u(7)=Q(7)n+X (7, Q(7)n)eX
can be decomposed as u(t) = q(t)+ p(t), where p(t) = X(t, q(t))
for all t € R. Thus, g and p must satisfy

q(t):L(taT)Q(T)ﬂJr/ L(t,s)Q(s)f (s, a(s)+X(s, a(s)))ds, (11a)

for t < 7 and

T

p(r)=L(r, t)(/—Q(t))p(t)Jr/L(T, s)(I=Q(s))f (s, a(s}+2 (s, q(s))ds, (11b)

t
fort <.
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First, let us control the growth of q(t). Since {L(t,s) : t > s} has
exponential splitting, f(¢,0) = 0 and f and X are Lipschitz with
respective constants ¢ and x, we obtain

la(t)| < Me#E=D|[n|| + / (Me=E=9)(1 4 x)||q(s)|ds, t< .
t (12)

Then, by Gronwall’s Lemma,
lg(t)l] < MelP MO+ DT=0 )| ¢ < 7. (13)

Heuristically, since we wish that p(t) = X(t, q(t)) for
Y € LBy (k), the growth in equation (13) implies that the limit
e 7=|p(t)|| = 0, as t — —o0.
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Thus, due to the exponential splitting of {L(t,7) : t > 7}, the first
term in (11b) goes to zero as t — —oo, yielding

pr) = [ LS - QA a(9) + Zls.a(shds. (19

—0o0
Hence, to prove that X € LBy (k) that satisfies p(7)=%(7, Q(7)n),
it is equivalent to find a fixed point of the following map,

T

GE)(rn) = [ L(e.5)1-Q)F (5. a()+ (5. (). (15)
Next, we show that G : LBy (k) — LBy (k) is a well defined
contraction in the complete metric space LBy (k).

Let ,iie X, I,% LBy (k) with corresponding solutions
a(t). d(t) of (11a).
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Thus, for t < 7

lae) = &)l < Me7=9) |

) I f(s.q(s) + E(s. a(5))) ~ F(s.(5) + E(s.6(5)))] s
< Me =8 |l —j|

+ M / ") (Jlg(s) — a(s)]| + (5. a(s)) — £(s. a(9))] ) ds

< M9l —ij|

+W/ =0 (||Z(s, a(s)) ~ £(s, a(s)) |+ (1+)]la(s) — G(s)]]) s

< M8 |l —ij|

o [0 (14 w)llats) = )l + 1%~ Ellla(s)1) o
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Then, due to (13),
la(e) = (e)] <Mer™=Ollg—ii| +em(1+) [ e q(s)a(s)]ds
t
+ Ml - £ / (P ME(1+1))(7=5) gp(5—1) g
t

<Mep(7_t)IIn—ﬁII+W(1+Fv)/ e~ |q(s)—d(s)lds
M|l

+ ST — Sl M),
(1+ k)
(16)
and, by Gronwall's Lemma, for t < 7
la(e)-a(e)l < M [ln — il + 3L s - zm] (2N r—t)
(17)
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Finally, we now discuss bounds of the function G. Indeed,
equations (13) and (17) imply

16X - GEr )

< 1 [ (s, a(5)+ (5, (6)) (5,850 + 5, 5
com [* e (4wl - + 1 - Tllate)l) o
< IM(14r) Un s | M

—00

olys 5] [ emr g

Due to (5) and upcoming choice of , we obtain that
v —p—2M(1+ k) > 0 and the above integrals are convergent.
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Thus,

3 (M2 ||| -

z — Gl < y_ %

|G(X)(T,n) — G(X)(7, )] 'y—p—ﬁl\/l(]_—k/{)m Il
(M2(1 + ) Wl o <
— A+ X -
T Te R LA el

(M2 (1 + k) 20 M?

< —j Y —3nll,
7_p_%,w(hrﬁ)lln 77||+y_p_%,\/,(H/_,v)lll (el

where the denominators are positive, due to (5). Consequently,

1G(E)(.n) = G(E)(r, i) < wlln = ill +vIIE = Zlnll,  (18)

in case that ,
IM=(1+ k)
~ ) 19
v —p—2M(1 + k) " (192)
20M?
< 1. (19b)

v —p—2M(1 + k)
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Now, (19a) can be rewritten as 2Mr2H-(M?*+M—(y—p)/€)k+M?<0,
which can be seen as a quadratic polynomial (in x), admitting two
real roots (due to (5)) given by

¥—M2—2Mi\/(¥—M2—2M)2—8M3
aM

Ky = (20)

Moreover, the condition (y — p)/¢ > M? +2M + vV8M3 in (5)
implies that (y — p)/¢ > M? 4+ 2M and thus k. > x_ > 0. Thus,
(19a) is satisfied for any k € [k_, K]

Equation (19b) holds true for x_, due to (y — p)/¢ > 3M? + 2M
in (5). Moreover, we can isolate  in (19b), and thus this
inequality is satisfied for any xk < Ky := (v — p)/(2M{) — M — 1.

Due to (5), (y — p)/¢ > 3M? +2M and k_ < k.. Therefore, both
conditions (19) are satisfied for any k€ [k—, min{r 4, Ky }).
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Consequently, inequality (18) with X = Y implies that the image
of the map G lies in LBy (D) and, inequality (18) with n = 7,
shows that G is a contraction.

Therefore, the map G has a unique fixed point, G(X*) = X*. This
establishes the existence of the invariant manifold and its
invariance.

Furthermore, ¥* being Lipschitz with constant x > 0 and
Y (t,0) = 0, together with (12), implies the growth estimate (8)

within the invariant manifold.

This completes the first part of the proof.

Alexandre N. Carvalho - USP/Sao Carlos Segundo Semestre de 2020



Invariant Manifolds
Stable Manifold of an Invariant Manifold

Invariant Manifolds and Exponential Splitting and Dichotomy

We now embark in the second part of the proof.

For (t,u)eRx X, define Pg«(t)u:=Q(t)u+X*(t, u).

We show that M(t) = {Im(Ps~+(t)) : t € R} is has the property
that any solution satisfies (9) (exponential attraction if > 0), and
thus we wish to bound {(t) := T(t,7)u — Ps=(t) T(t,7)u for any
neXandt>rT.

Note that £(t) = p(t) — X*(t, g(t)) due to the definitions in (11).

Define g*(s, t), for s < t, as

q'(s, t):=L(s, t)q(t)—i—/sL(s, NQ(NF(r, g (r, t)+X(r,g"(r, t)))dr. (21)

t
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Since f, 2" are Lipschitz with constants ¢,k > 0, for s<t,
lla*(s,t) — a(s)ll

<M/ ePU = (r, " (r, £)+X(r, g*(r, 1)) = (r, q(r)+p(r))]||dr
t 22
< ’WZ/ (|2 (r, g% (r, t)) — p(r)l| + lg*(r, t) — q(r)|)dr, (22

< Mf/e”(”s)(llz*(r, q(r))—p(NlI+1+x)q*(r, t)—q(r)l)dr.
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Hence, by Gronwall's Lemma and definition of &,

t
lq*(s, t) — q(5)||</\/’€/ el tMUATNI=9) |1 e(r)||dr, s < t. (23)
S
Also, for s < 7 < t, we obtain
la"(s,t) — a" (s, 7)Il < [IL(s, T)Q(T)[q" (7, t) — a(7)]ll
+||/ s, N)Q(N[F(r, g*(r, t)+X*(r, q*(r, t)))—f(r, g (r,7)+X*(r, g*(r,7))]|ldr

< M2peP(T— s)/ (p+M€(1+n))(rfT)Hg(,)ndr

T

44Mu+m/eW*Mwmw—aummm

)

and by Gronwall's Lemma

t
mmﬁ—w@ﬂKM%/aMW“Wﬂmmw. (28)
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Now, we use these inequalities to estimate ||{(t)||. Note that

§(t)—L(t, 7)1 = Q(7))s(r) =

p(t)— L(t, 7)p(r)— (8, 4(1))+ L(£, 7) (. a(7))
:/ L(t,s></—o<s)>f(s,q(s)+p(s))ds—[ L(t.5)(1-QE))F6.0°6.1)) + T'6."(s,1)))ds

+ /_T L(t,s)(I — Q(s))f(s,q"(s,7) + X"(s,9"(s,7)))ds

/ L(t,s)(1 = Q(s)If (s: q(s) + p(s)) = £(s,G7(s, 1)) + 27(s, 47(s, t)))]ds
—/_TL(R $)(I=Q(s)If (s, 4"(s, tHE (s, a°(s, 1))~F (s, 4(s, THE (s, 4(s, 7)))] ds.

Thus, using (23) and (24), we obtain
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1€(2) = L(t, 7)(1 = Q(m))E(7)
< W/ e (|lp(s) = (s, q* (s, 1) + lla(s) — g" (s, t)]]) ds

t

FMULn) [ eI (s) a7 (s, 0l

— 00

t
< M / e t=9)||¢(s) | ds

t r
F ML) (eI [ e oM gsgy

T

t T
+ M3g2(1+H)/e—v(t—r)e—('v—p—W(1+ﬂ))(r~r)|K(,) ||/e—'v(f—5)e(p+l\/l£(1+f-c))(f—5)d5dr

l\/l2€2(1—|—/£) ‘
< —(t—s) —(t=r)
e [ e De(s)1gs + —LECE e ope(ryan
M32(1 + k) een
s [ e
y—p—MUL+ K
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and we have that

T

Je(e)-Le. 7)1~ QEr(r)] < e+ R et goar

Thus,

e M202(1+k)(1+M)] [f
(t=7) (t—r)
lE@)] < Me™ |5(T)||+[W+ 77 } / e 1 g(r)]|dr

and

e le)l < Mee(r) |+ e+ EECEDEE R [ ereqoyar

By Gronwall's Lemma, we obtain the bound in equation (9).
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Teorema

Suppose that the linear evolution process {L(t,T):t > T} has
exponential splitting, with constant M > 1, exponents v > p and a
family of projections {Q(t) : t € R}.

If (v — p)/¢ satisfies (5), then there is a continuous function

" Rx X —= X

(t,u) — ©*(t, u), (25)

such that ©*(t, u) = ©*(t, (I — Q(t))u) = Q(t)O*(t, u), and
©*(t,0) = 0 for all t € R, which is uniformly Lipschitz with
constant k = k(vy,p, ¢, M) >0, ie,

|©*(t, u) — ©*(t, &)|| < k|lu— d|| for all (t,u),(t,d) € R x X.
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Moreover, if Pg«(t)u := ©*(t, (I — Q(t))u) + (I — Q(t))u, for all
(t,u) € R x X, the family given by

{Im(Po-(t)) : t e R} := {{P5(t,u):ue X}:teR}, (26)
is positively invariant such that
IT(t,7)Po-(7)ul| < M(14r)e” O-MOEIED | Pg. (7)u]|, (27)

t>71, ue X, and

|lu— Po-()ull < M CD||(1 — Por (1)) T(t,7)ul,  (28)
o M22(14x)(14+M)
t>rTueX, Whereé—p—l—/\/w-i-m
Furthermore, if v — M{(1 4 k) > 0, {Im(Po~(t)) : t € R} is the
stable manifold of the inertial manifold {Im(Pg+(t)) : t € R}.
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Proof: Given k > 0 consider the complete metric space

£Bo() {0 <CEXX):0(t 1) -O(t, Dl <=3l 0(0)=0,
O(t, u)=0(t, (I—Q(t))u) € Im(Q(t)), ¥(t, u), (¢, ﬁ)eRxX}.

~ o(t,u) — B(t,
with the metric ||© — ©| = supsup 19t u) ( U)”
teR u£0 [ ull
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Next we outline the heuristic procedure that will establish the way
of proving that the invariant manifold is given as a graph of a map
in LB (k). We are looking for © € LBg(k) with the property
that, if (7,77) € R x X, then a solution u of (2), with initial data
u(t) =0O(r,(I — Q(7))n) + (I — Q(7))n € X, can be decomposed
as u(t) = q(t) + p(t), where g(t) = O(t, p(t)) for all t > 7. Thus,
g and p must satisfy, for t > T,

t

q(t)=L(t, T)Q(T)nJr/L(t, s)Q(s)f (s, p(s)+O(s, p(s)))ds, (30a)

e
t

p(t)=L(t, T)(/—Q(T))TH/L(t, s)(I = Q(s))f(s, p(s)+O(s, p(s)))ds. (30b)

T

It follows that
[p()|l < [IL(t, 7)(I = Q(7))nll

+ [ 150~ QU pls) + 05, pls))ds
< Me™ ) || + / M 91 1 ) o(s)] s
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Using Grownwall’s inequality,
Ip(t)|| < Me™O=MIA+E .
From this and from the fact that q(t) = ©(p(t)), we conclude that

IL(r, ) Q(t)q(t)[| = [IL(7; )O(p(t))l]

< kM2e=(vmp=ME(L+r))(t=T) lI9]I-
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Applying L(7, t)Q(t) to (30), using that
O(r, (I — Q(7))n) = Q(7)n and making t — oo we have

(o)

0=0(r,(/ = Q(r))n) +/ L(7,5)Q(s)f (s, p(s) + O(s, p(s)))ds.

T

Inspired by this we define the operator G : LBo(k) — LBo(k) by

G(O)(r,n) = - /OO L(7,5)Q(s)f (s, p(s) + O(s,y(s)))ds, (31)

(1,m) € R x X.
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The fact that G is a well-defined contraction is similar to Theorem
1, and we refrain from giving a proof. Hence G admits a unique
fixed point ©* € LBg(k) satisfying the desired properties.

We now embark in the proof of (28). For any (7,7) € X and
t>T.

t

p(t) = L(t, 7)(/ - Q(T))n+/ L(t,s)(1 — Q(s))f (s, q(s) + p(s))ds

T

and thus we wish to bound the variable
n(t) := T(t,7)u — Po«(t) T(t,7)u for any u € X and t > 7. Note
that n(t) = g(t) — ©*(¢t, p(t)) due to the definitions in (30).
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Define p*(s, t), for s > t, as
p*(s,t):=L(s, t)p(t)

s 32
+/tL(S’ (= Q(r)f(r,©%(r,p(r, t))+p*(r, t))dr. 2

Since f,©* are Lipschitz with respective constants /,x > 0, we
obtain

P (s, t) — p(s)ll
</Vl/te‘”(s‘”)llf(r,9*(r,p*(r7 t))+p*(r,t))—f(r,q(r)+p(r))ldr (33)

< W/tse”(s')(llq(f) =% (r, p(MNI+A+r)llp*(r, ) = p(r)])dr,

and, by Gronwall's Lemma,
S
[P (s, t) — p(s)| < W/ e~ OmMEERE=D In(r)||dr. (34)
t
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Also, for s > t > 7, we obtain
[p*(s,7) — P (s, )| < |IL(s, t)(/ — Q(t))[p" (¢, 7) — p(t)]]

+|/tz(5, N(I=Q()Ifr,©"(r, p*v(r, 7))+ p (r,m))=fr,0(r, p'(r, £))+p(r, 1))]l|dr

t
< M2re—s—9 / e~ (= MELHR(E=) 1Y [
. T
F MU+ R) [ () = (1, D),
t
and again by Gronwall's Lemma,

t
1p"(s,7) = p*(s; )| < /\/’25/ e~ =M= (r) | dr. (35)
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Now, we use these inequalities to estimate ||n(7)||. Note that

()= L(7, 1) Q(t)n(t) = q(7) - L(7, t)q(t) = ©*(7, p(7)) + L(7, )0 (t, p(t))

T

= | Lm9)Qs)[f (s q(s) + p(s)) — £(s,07(s, p (s, 7)) + p"(s,7))]ds

t

+/toz(7 s)Q(s)[f (s, ©(s, p(s, 7)) +P(s5, 7))~F (5, ©(s, p'(s, t)) + (s, t))] ds.
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Thus, using (34) and (35), we obtain
In(7) = L, OQ(e)n(1)]
<M [ (lg(s) - (5. p (s, + pls) — p* (. 7)) s

FMUL+R) [ e (s.0) - pr (s s
t

t
<Mt &) s
t

+M2€2(1+K:)/e—('y—p—MZ(1+){))(s—TV;—('y—MZ(1+K))(T—r)Hn(r)”drds

T

o] t
+ M3€2 (1 + ﬁ)/ ef(yfprZ(lJrn))(sf'r)/ ef(waZ(lJm))(-rfr)”n(r)Hdrds.
t T
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Hence

() = L(m, £)Q(e)n(2)| < W/te_p(T_s)lln(S)lldS

M22(1 + k)(1 + M)
v—p— M1+ k)

G ML) ) ()|

and we have that

o)~ Ltr. Q0] < |+ XEECEEEID] sty

Thus,

(e < e e+ LG a0y

By Gronwall’'s Lemma, we obtain the bound in (28).
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